We consider two distinct coupled cluster (CC) perturbation series that both expand the difference between the energies of the CCSD (CC with single and double excitations) and CCSDT (CC with single, double, and triple excitations) models in orders of the Møller-Plesset fluctuation potential. We initially introduce the E-CCSD(T-n) series, in which the CCSD amplitude equations are satisfied at the expansion point, and compare it to the recently developed CCSD(T-n) series [J. Chem. Phys. 1 1 14 4 40 0 0, 064108 (2014)], in which not only the CCSD amplitude, but also the CCSD multiplier equations are satisfied at the expansion point. The computational scaling is similar for the two series, and both are term-wise size extensive with a formal convergence towards the CCSDT target energy. However, the two series are different, and the CCSD(T-n) series is found to exhibit a more rapid convergence up through the series, which we trace back to the fact that more information at the expansion point is utilized * To whom correspondence should be addressed † Aarhus University ‡ The University of Texas at Austin 1 arXiv:1512.06552v2 [physics.chem-ph] 27 Jan 2016 than for the E-CCSD(T-n) series. The present analysis can be generalized to any perturbation expansion representing the difference between a parent CC model and a higher-level target CC model. In general, we demonstrate that, whenever the parent parameters depend upon the perturbation operator, a perturbation expansion of the CC energy (where only parent amplitudes are used) differs from a perturbation expansion of the CC Lagrangian (where both parent amplitudes and parent multipliers are used). For the latter case, the bivariational Lagrangian formulation becomes more than a convenient mathematical tool, since it facilitates a different and faster convergent perturbation series than the simpler energy-based expansion.
Introduction
Coupled cluster (CC) theory [1] [2] [3] [4] is perhaps the most powerful method for describing dynamical electron correlation effects within the realm of modern quantum chemistry. The CC singles and doubles (CCSD) model, 5 in which the cluster operator is truncated at the level of double excitations, is a robust and useful model, but it is well-known that the effects of triple (and higher-level) excitations need to be taken into account in order to obtain highly accurate results that may compete with the accuracy of experiments. 6 However, the steep scaling of the CC singles, doubles, and triples 7, 8 (CCSDT) and CC singles, doubles, triples, and quadruples 9, 10 (CCSDTQ) models limits their use to rather modest molecular systems. For this reason, a computationally tractable alternative to the expensive iterative CCSDT and CCSDTQ models is to develop approximate models, for which the important triples and/or quadruples contributions are determined from a perturbation analysis, and hence included in a cheap and non-iterative fashion. A plethora of different models for the approximate treatment of triples and/or quadruples effects have been suggested, and we refer to Ref. 11 for a recent theoretical overview of approximate non-iterative triples and quadruples models and Refs. 12 and 13 for a numerical comparison of many of these.
In the present work, we focus on perturbation theory within a CC framework, where a Møller-Plesset (MP) partitioning of the Hamiltonian is performed, 14 and the energy difference between a zeroth-order (parent) CC model and a higher-level (target) CC model is expanded in orders of the perturbation (the fluctuation potential). In particular, we will base the perturbation analysis on a bivariational CC Lagrangian obtained by adding to the CC target energy the CC amplitude equations with associated Lagrange multipliers. We note that the linearly parametrized state formally spanned by the Lagrange multipliers is often referred to as the CC Λ-state, 15, 16 and that this is in general different from the exponentially parametrized CC state. As pointed out by Arponen, 17, 18 extensively exploited in the CC Lagrangian formulation, 19 and recently discussed by Kvaal, 20, 21 the CC energy may be interpreted as a CC functional in both the CC amplitudes and the Λ-state parameters. We will show that the fastest convergence is obtained when these two sets of state parameters are treated on an equal footing in the perturbative expansion of the energy difference between a parent and a target CC model. Thus, we will distinguish between a perturbation expansion of the CC energy, for which only parent amplitudes are used at the expansion point, and a perturbation expansion of the CC Lagrangian, for which both parent amplitudes and parent multipliers are used at the expansion point. At first sight, the bivariational Lagrangian formulation might seem like an unnecessary complication, since, for the target model, the Lagrangian formally equals the energy. The purpose of this work is, however, to highlight and exemplify that not only is the Lagrangian formulation a convenient mathematical tool that may simplify the derivation of various perturbation expansions; in many cases, the Lagrangian formulation will actually lead to different perturbation series than the corresponding energy formulation.
To exemplify this difference, we consider two perturbation series which both expand the difference between the energies of the CCSD and CCSDT models. We initially introduce the E-CCSD(T-n) series, in which the CCSD amplitude equations are satisfied at the expansion point, and next compare it to the recently developed CCSD(T-n) series, 11 in which not only the CCSD amplitude equations are satisfied at the expansion point, but also the CCSD multiplier equations. Despite depending on the fluctuation potential to infinite order in the space of all single and double excitations, the CCSD amplitudes are formally considered as zeroth-order parameters in both the E-CCSD(T-n) and CCSD(T-n) series, since the CCSD model represents the expansion point.
Similarly, the CCSD multipliers, which too depend on the fluctuation potential, are considered as zeroth-order parameters for the CCSD(T-n) series, but not so for the E-CCSD(T-n) series. The path from the CCSD expansion point towards the CCSDT target energy, as defined by a perturbation expansion, is thus different within the E-CCSD(T-n) and CCSD(T-n) series, and, as will be shown in the present work, the CCSD(T-n) series is the more rapidly converging of the two, since more information is utilized at the expansion point. We finally reiterate that the lowest-order contribution of the CCSD(T-n) series (that of the CCSD(T-2) model) is identical to the triples-only part of the CCSD(2) model of Gwaltney and Head-Gordon 22, 23 and the second-order model of the CC(2)PT(m) series of Hirata et al., [24] [25] [26] the CCSD(T-3) model is identical to the triples-only part of the third-order CC(2)PT(m) model, while for fourth and higher orders, the CCSD(T-n) and CC(2)PT(n) series are different. 27 The E-CCSD(T-n) series, however, differs from the aforementioned perturbation series for all corrections.
The present study is outlined as follows. In Section 2, we derive the E-CCSD(T-n) series and compare it to the CCSD(T-n) series in order to illustrate the importance of treating parent amplitudes and multipliers on an equal footing. In Section 3, we present numerical results for the E-CCSD(T-n) and CCSD(T-n) energies, while some concluding remarks are given in Section 4.
Theory
In this section, we consider two perturbation series that expand the difference between the CCSD and CCSDT energies in orders of the perturbation. In Section 2.1, we develop a new energy-based perturbation series denoted the E-CCSD(T-n) series, which can be formulated in terms of CC amplitudes without the need for invoking a CC Lagrangian. Next, in Section 2.2, we develop a common bivariational framework, in which we recast the E-CCSD(T-n) and CCSD(T-n) series.
Finally, we present a theoretical comparison between the two series in Section 2.3 in order to exemplify how the CC Lagrangian framework may lead to a perturbation series that is inherently different from that which arise from the corresponding energy formulation.
Perturbation expansion based on the CCSDT energy
In this work, we use a MP partitioning of the Hamiltonian
wheref is the Fock operator andΦ is the fluctuation potential. We consider first the CCSD model, which we choose as the common reference point for the perturbation expansions to follow. The CCSD energy, E CCSD , and associated amplitude equations may be written as
where µ 1 | and µ 2 | represent a singly and a doubly excited state with respect to the HF determinant, |HF , and the (non-Hermitian) CCSD similarity-transformed Hamiltonian is given bŷ
with * T 1 and * T 2 being the CCSD singles and doubles cluster operators. Throughout the paper, we will use asterisks to denote CCSD quantities and generally use the generic notationT i = ∑ µ i t µ iτ µ i for a cluster operator at excitation level i, whereτ µ i is an excitation operator and t µ i is the associated amplitude.
We now parametrize the difference between the CCSD and CCSDT energy in terms of correction amplitudes, δt µ i , which represent the difference between the CCSD and CCSDT amplitudes.
The correction amplitudes are expanded in orders of the fluctuation potential, and the CCSDT amplitudes, t µ i , may thus be written as
where t (0) 
where ε µ i is the orbital energy difference between the virtual and occupied spin-orbitals of excitation µ i , and the right-hand sides of the equations contain all terms of order n, i.e., the sum of the orders of all δ T operators plus one (for the fluctuation potential) equals n. For example, the first-order singles and doubles corrections are zero, δt
(1)
µ 2 = 0, while the first-order triples corrections are given as δt
By collecting terms in orders of the fluctuation potential, the CCSDT energy in Eq. (2.1.6) may now be expanded as
where we have used the fact that the first-order singles and doubles amplitudes vanish to restrict the summations. We denote the perturbation series defined by Eq. (2.1.9) as the E-CCSD(T-n) series to emphasize that it is based on a perturbation expansion of the CCSDT energy around the CCSD energy point, at which the CCSD amplitude equations are satisfied. We note that this notation is not to be confused with ECC, which is usually used as an acronym for extended coupled cluster theory in the literature 17, 18 From Eq. (2.1.9), it follows that the first non-vanishing energy correction to the E-CCSD(T-n) series is of third order. The two lowest-order corrections are given in Eq. (A.0.4a) and Eq. (A.0.4b) of Appendix A. The E-CCSD(T-n) series is evidently different from the CCSD(T-n) series developed in Ref. 11 , which starts at second order. Both series, however, describe the difference between the CCSD and CCSDT energies using a MP partitioning of the Hamiltonian, and the correction amplitudes are identical. The only apparent difference is that the CCSDT energy is the central quantity for the E-CCSD(T-n) series, while the CCSDT Lagrangian forms the basis for the CCSD(T-n) series. In Section 2.2, we develop a general Lagrangian framework to enable a direct comparison of the E-CCSD(T-n) and CCSD(T-n) series in Section 2.3.
A general bivariational Lagrangian framework
The CCSDT Lagrangian may be obtained by adding to the CCSDT energy the amplitude equations in Eq. (2.1.7) with associated (undetermined) multipliers
where we have chosen the following parametrization of the CCSDT multipliers in analogy with
Eq. (2.1.5)t
If the expansion of the CCSDT multipliers in Eq. (2.2.2) is left untruncated, these will equal the parameters of the linearly parametrized CCSDT Λ-state. The notation for the Lagrangian,
, highlights that the amplitudes and multipliers at the expansion point are
, respectively, while δ t and δt represent the correction amplitudes and correction multipliers, respectively. By setting t (0) =t (0) = 0, we arrive at an MP-like perturbation expansion, albeit one that has the CCSDT energy as the target energy instead of the full configuration interaction (FCI) energy. In this work, however, we focus on the case for which the CCSD amplitudes are used as zeroth-order amplitudes (t (0)
µ 3 = 0), while considering different choices of zeroth-order multipliers. In particular, we show below how the E-CCSD(T-n) series may be recovered by choosingt
, while the CCSD(T-n) series corresponds to using CCSD multipliers as zeroth-order multipliers (t (0)
µ 3 = 0). Equations for the CCSD multipliers are obtained by requiring the CCSD Lagrangian
to be stationary with respect to variations in the CCSD amplitudes
In the following, we lett (0) µ i represent a general zeroth-order multiplier to treat the two series on an equal footing. Equations for the correction amplitudes are determined by requiring L CCSDT ( * t,t (0) , δ t, δt) to be stationary with respect to variations in the correction multipliers
which reproduces the CCSDT amplitude equations in Eq. (2.1.7). It follows that the equations for the correction amplitudes are independent of the choice of zeroth-order multipliers, and the correction amplitudes for the E-CCSD(T-n) and CCSD(T-n) series are therefore identical to all orders. Equations for the CCSDT multipliers are obtained by requiring L CCSDT ( * t,t (0) , δ t, δt) to be stationary with respect to variations in the amplitudes
Unlike for the correction amplitudes in Eq. (2.1.7), the precise form of the multiplier equations will depend upon the choice of zeroth-order multipliers, and the correction multipliers for the E-CCSD(T-n) and CCSD(T-n) series will therefore be different. To keep this distinction clear, we will refer to the correction multipliers associated with the choicest
and δt L , respectively, while the generic notation δt may refer to either of the series. We note that at infinite order, the multipliers-as defined within either the E-CCSD(T-n) or CCSD(T-n) series-are identical (assuming that both expansions converge), i.e.
wheret is the final set of converged CCSDT multipliers (Λ-state parameters).
To simplify the comparison of the two series, it proves convenient to expand the Lagrangian in Eq. (2.2.1) in a form that emphasizes the dependence on the CCSD multiplier equation in
where we have set t (0) = * t and used the CCSD amplitude equations in Eq. (2. 
By evaluating L CCSDT ( * t, 0, δ t, δt E ) to different orders in the fluctuation potential, we thus arrive
at the E-CCSD(T-n) series in Eq. (2.1.9), for which the energy corrections may be expressed exclusively in terms of correction amplitudes. The evaluation of the E-CCSD(T-n) energy corrections using Eq. (2.1.9) corresponds to using the n + 1 rule, where amplitudes to order n determine the energy to order n + 1. Alternatively, by exploiting that L CCSDT ( * t, 0, δ t, δt E ) is variational in the amplitudes as well as the multipliers, it may be evaluated to different orders in the fluctuation potential by using the 2n + 1 and 2n + 2 rules [28] [29] [30] for the amplitudes and multipliers (i.e., the amplitudes/multipliers to order n determine the Lagrangian to order 2n + 1/2n + 2). These two approaches are of course equivalent, but the use of the 2n + 1 and 2n + 2 rules allows for an easy comparison of the E-CCSD(T-n) series to the CCSD(T-n) series (cf. Appendix A).
where we have used the CCSD multiplier equations in Eq.
in orders of the fluctuation potential defines the recently proposed CCSD(T-n) series. 11 The E-CCSD(T-n) series begins at third order (see Eq. (2.1.9)), while the CCSD(T-n) series starts already at second order. The series are evidently different, and in Section 2.3 we perform an explicit comparison of them.
Comparison of the E-CCSD(T-n) and CCSD(T-n) series
In this section, we compare the E-CCSD(T-n) and CCSD(T-n) series-first, we discuss the origin of the difference between the series from a formal point of view, and next, we compare the two lowest-order multipliers and energy corrections for the two series.
As shown in Section 2.2, both series can be derived from Eq. (2.2.8) with different choices of parent multipliers, resulting in the Lagrangians,
for the E-CCSD(T-n) and CCSD(T-n) series, respectively. The L CCSDT ( * t, 0, δ t, δt E ) Lagrangian reduces to the standard CCSDT energy expression, because no zeroth-order multipliers enter the In the same way as the CCSD amplitudes formally depend on the fluctuation potential to infinite order in the space of all single and double excitations, so do the CCSD multipliers (or CCSD Λ-state parameters). Thus, since the CCSD multipliers are not counted as zeroth-order parameters in the E-CCSD(T-n) series (unlike in the CCSD(T-n) series), orders are necessarily counted differently in the perturbative expansions of L CCSDT ( * t, * t , δ t, δt L ) and L CCSDT ( * t, 0, δ t, δt E ); however, we may compare the two series by comparing their leading-order, next-to-leading-order, etc., corrections to one another, which we will do numerically in Section 3.
On that note, we have theoretically compared the lowest-and next-to-lowest-order corrections of the two series in Appendix A. In summary, we find that for the L CCSDT ( * t, * t , δ t, δt L ) and the E-CCSD(T-n) series is thus trailing behind the CCSD(T-n) series from the onset of the perturbation expansion. Again, this motivates the claim that it is advantageous to consider the CC energy as the stationary point of an energy functional in both the CC and Λ-state parameters, and hence that perturbative expansions are optimally carried out whenever the two states are treated on an equal footing. 17, 18, 20, 21 For higher orders in the perturbation, a direct comparison of the E-CCSD(T-n) and CCSD(T-n) series is more intricate, but we note that they will differ to all orders. Only in the infinite-order limit are the two bound to agree (L CCSDT ( * t, 0, δ t, δt E ) and L CCSDT ( * t, * t , δ t, δt L ) both equal the CCSDT energy), but this is a natural consequence of the fact that the CC energy may be described in terms of fully converged CC amplitudes alone.
In conclusion, the L CCSDT ( * t, 0, δ t, δt E ) and L CCSDT ( * t, * t , δ t, δt L ) Lagrangians have the same parent energy (CCSD) and the same target energy (CCSDT), and all contributions of both se-ries will be trivially term-wise size extensive to all orders, as they are all expressed in terms of (linked) commutator expressions. However, the paths between these two CC energies, as defined by a perturbation expansion, are obviously very different for the two series. Conceptually, the expansion point for the E-CCSD(T-n) series is formally the CCSD energy (only the CCSD amplitude equations are satisfied), while the expansion point for the CCSD(T-n) series is the CCSD Lagrangian (the CCSD amplitude and CCSD multiplier equations are satisfied). For the energybased E-CCSD(T-n) series, the Lagrangian is thus merely a mathematical tool that allows for correction energies to be obtained using amplitude and multiplier corrections that satisfy the 2n + 1 and 2n + 2 rules. On the contrary, the CCSD(T-n) series is deeply rooted within a bivariational
Lagrangian formulation and has no energy-based analogue.
Numerical results
The performance of the models of the CCSD(T-n) series has recently been theoretically as well as numerically compared to a variety of alternative triples models for two sets of closed-shell 12 and open-shell species, 31, 32 and the formal convergence of the series (through sixth order in the perturbation) has been confirmed. Furthermore, the performance of the higher-order CCSD(T-n) models with respect to the target CCSDT model was found to be essentially independent of the HF reference used, and thus, independent of the spin of the ground state. In this section, we assess the numerical performance of the E-CCSD(T-n) models (once again measured against results obtained with the target CCSDT model) in order to compare the rate of convergence throughout the series to that of the CCSD(T-n) series.
We here use the two test sets previously used in Refs. 12, 13, 31, and 32: In Figure 1 , we consider the performance of the five lowest-order models of the E-CCSD(T-n) and CCSD(T-n) hierarchies. Mean recoveries (in %) of the triples correlation energy, E T = E CCSDT − E CCSD , are presented in Figure 1a , Figure 1c , and Figure 1e , while mean deviations from E T (in kcal/mol) are presented in Figure 1b , Figure 1d , and Figure 1f . In all cases, we report statistical error measures generated from the individual results, cf. the supplementary material. 38 As noted in Section 2.3, the E-CCSD(T-n) and CCSD(T-n) series start at third and second order, re-
spectively, but we may group these together like E-CCSD(T-3)/CCSD(T-2), E-CCSD(T-4)/CCSD(T-3),
etc.
The results in Figure 1 show that the CCSD(T-n) models in general yield smaller mean and standard errors than their E-CCSD(T-n) counterparts, and the CCSD(T-n) series furthermore exhibits a more stable convergence than the E-CCSD(T-n) series. In other words, the rate of convergence is improved in the CCSD(T-n) series over the E-CCSD(T-n) series. For most of the considered molecules, the E-CCSD(T-n) corrections are negative/positive for uneven/even orders, which leads to the oscillatory convergence behavior observed for the E-CCSD(T-n) series in Figure 1 .
Some oscillatory behavior is also observed for the CCSD(T-n) series, but this is much less prominent, and primarily observed beyond fourth order. The superior stability of the CCSD(T-n) series compared to the E-CCSD(T-n) series is also manifested in the smaller standard deviations for the former (in Figure 1 represented in terms of standard errors of the mean). Some of the molecules, however, differ considerably from the mean trends in Figure 1 . For example, methylene (CH 2 ) and ozone (O 3 ) are notoriously difficult cases due to significant multireference character, 6, 12 and, for both, we observe a rather slow convergence throughout either of the series. While for O 3 , the convergence towards the CCSDT limit is oscillatory, for CH 2 , the convergence is stabile, yet slow, cf. Table S4 of the supplementary material for the E-CCSD(T-n) results. Similar, but significantly less pronounced problems, are observed for the CCSD(T-n) series. 31 Finally, we note how the results obtained using the two open-shell references (UHF and ROHF) are similar, and also that the general behavior for the mean deviations are similar to the RHF results.
From an application point of view, the CCSD(T-n) series is practically converged onto the In conclusion, a number of similarities exist between the E-CCSD(T-n) and CCSD(T-n) series, but both the magnitude of the (individual) errors as well as the oscillatory convergence pattern are significantly reduced in the CCSD(T-n) series, as compared to the E-CCSD(T-n) series. This improvement is in line with the theoretical analysis in Section 2.3. More information about the expansion point is used in the CCSD(T-n) series, where the CCSD amplitudes and CCSD multipliers are both built into the perturbative corrections, to yield a faster and more balanced rate of convergence than that observed for the E-CCSD(T-n) series, in which only the CCSD amplitudes are used to construct the energy corrections. Based on the results for the five lowest-order models in Figure 1 , the E-CCSD(T-n) and CCSD(T-n) series both appear to converge for all of the considered molecules, although slowly for some of the notoriously difficult cases. However, a formal convergence analysis is required to firmly establish whether the series indeed converge ROHF-CCSD(T-n) ROHF-E-CCSD(T-n) (e) ROHF recoveries Figure 1d , and Figure 1f ) the triples energy E T for the CCSD(T-n) and E-CCSD(T-n) series using RHF, UHF, and ROHF references. The error bars show the standard error of the mean.
(i.e., establish the radius of convergence for the series). This will be the subject of a forthcoming paper.
Conclusion and perspectives
We have developed the E-CCSD(T-n) perturbation series and compared it to the recently proposed CCSD(T-n) series in order to gain new insights into the importance of treating amplitudes and multipliers (parameters of the Λ-state) on an equal footing whenever perturbation expansions are developed within CC theory. Both series represent a perturbation expansion of the difference between the CCSD and CCSDT energies, and they share the same common set of correction amplitudes. The E-CCSD(T-n) series formally describes an expansion around the CCSD energy point (CCSD amplitude equations are satisfied), while the CCSD(T-n) series may be viewed as an expansion around the CCSD Lagrangian point (CCSD amplitude equations and CCSD multiplier equations are satisfied). The two series are therefore different, and the CCSD(T-n) series is found to converge more rapidly towards the CCSDT target energy, since all available information at the CCSD expansion point is utilized.
The presented analysis may be generalized to any perturbation expansion representing the difference between a parent CC model and a higher-level target CC model. For developments of CC perturbation expansions, we thus generally advocate the use a bivariational Lagrangian CC formulation to ensure an optimal rate of convergence in terms of term-wise size extensive corrections towards the target energy. For example, two perturbation series formulated around the CCSDT energy (E-CCSDT(Q-n)) and CCSDT Lagrangian (CCSDT(Q-n)) expansion points, respectively, to describe an expansion towards the CCSDTQ target energy in order the Møller-Plesset fluctuation potential, are also bound to exhibit different rates of convergence, following a similar line of arguments.
In quantum chemistry, a Lagrangian energy functional has traditionally been viewed merely as a convenient mathematical tool for deriving perturbative expansions, however, one that would give rise to expansions that are identical to those based on the standard energy. The present work highlights how this equivalence between energy-and Lagrangian-based perturbation theory only holds whenever the zeroth-order parameters do not depend on the perturbing operator, as is, for example, the case for standard MP perturbation theory where the zeroth-order parameters vanish.
Thus, when the zeroth-order parameters are independent of the perturbing operator, a Lagrangian formulation is merely of mathematical convenience, but, for perturbation-dependent zeroth-order parameters (e.g., like those of the right-(CC) and left-hand (Λ) eigenstates of a non-Hermitian CC similarity-transformed Hamiltonian), a bivariational Lagrangian formulation is in general expected to lead to a faster and more stable convergence than a corresponding energy formulation. This is an important point to keep in mind for future developments and applications involving perturbation expansions.
tion energies
In the present appendix, we compare the lowest-and next-to-lowest-order corrections of the E-CCSD(T-n) and CCSD(T-n) series. For this, we need a closed-form expression for the CCSDT multipliers (i.e., the CCSDT Λ-state parameters), which, from Eq. (2.2.6), reads Using Eq. (2.1.9), the two leading-order corrections of the E-CCSD(T-n) series may be evaluated using the n + 1 rule for the amplitudes Alternatively, using the Lagrangian in Eq. (2.2.9) and the 2n + 1/2n + 2 rules [28] [29] [30] for the amplitudes/multipliers, E (3) and E (4) may be written as
series are given as 
